INSTANTONS AND SPECIAL GEOMETRY
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ABSTRACT. We survey and discuss constructions of instantons on non-
compact complete manifolds of special holonomy from the viewpoint of
evolution equations and give several explicit examples.

To Simon Salamon on the occasion of his 60th birthday

1. INTRODUCTION

Suppose we have a principal K-bundle P — M over an oriented Rieman-
nian #-manifold M. Given a connection form w € Q!(P;¥) the associated
curvature will be Q € O?(M;¥€), where ¢ is the Lie algebra of K. When M
comes with a G-structure, G C SO(n), we can decompose the 2-forms as:

A’T*M =~ s0(n) 2 gdgh,
where the fibres of g are given by the Lie algebra of G. This splitting gives

us a way of distinguishing connections that are particularly adapted to the
geometry (cf. [26]).

Definition 1.1. A connection w on P is called a G-instanton if the 2-form part
of its curvature Q) takes values in the subbundle g C A>T* M.

A natural setting where we have a distinguished G-structure on M is
when the metric on M has special holonomy G (and thus the G-structure
is torsion-free). There are three key dimensions of manifold, and thus
three holonomy groups, which will be the focus of this article: G = SU(2),
G, and Spin(7). In each case we give a reformulation of the criterion of
G-instanton from Definition 1.1.

For these groups G we unify the known constructions of G-instantons
on non-compact complete manifolds with holonomy G in terms of an evol-
ution procedure. As well as bringing together examples which have oc-
curred in the diverse literature, we analyse the limits of the instantons,
including the issue of whether the instantons globally extend. We thus
hope to provide insight into future constructions and classifications.

1.1. Dimension 4: G = SU(2). On a 4-manifold M we can encode the data
of an SU(2)-holonomy metric (i.e. a hyperKahler metric in 4 dimensions)
in terms of a triple o = (01,02, 03) of 2-forms satisfying (cf. [21]):

3
o N\ Uj = %51] Z 0’13 and dU’i =0. (11)
k=1
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The triple o defines a unique metric g such that ¢ is a triple of self-dual
2-forms and the volume form of g is equal to 307 for all i. The metric g
has holonomy contained in SU(2).

If we consider IR* as a representation of SO(4), we have

ATR* = s0(4) = AL DA,

where Ay & su(2); = X2 are the +1-eigenspace of the Hodge x-operator.
Our choice of conventions for SU(2)-structures defined in terms of triples
o corresponds to the choice su(2) = su(2)_. We thus see that w is an
SU(2)-instanton precisely when its curvature Q) is anti-self-dual (ASD):

Q= —*Q. (1.2)

These connections have played an important role in the study of the topo-
logy of 4-manifolds, so one might hope that G-instantons would encode
topological information in the other situations we will discuss.

1.2. Dimension 7: G = G,. On a 7-manifold M a G,-structure is encoded
by a 3-form ¢ on M whose stabilizer in GL(7,R) at each point is iso-
morphic to Gy. The form ¢ defines a metric ¢ and orientation, and thus
a Hodge-* operator. The torsion-free condition so that g has holonomy
contained in G, is equivalent to (by [13])

dp=0 and dx¢ =0. (1.3)
Let V denote the 7-dimensional irreducible representation of G,. Then
AN V=Vdg,.

There are two natural equivariant maps A2V — A°V; one is given by the
x-operator and the other comes from wedging with ¢. It is easy to check
that these are both isomorphisms A2V 2 A%V, and that they coincide up
to a multiple of 2 on V and up to a multiple of —1 on g,. It follows that w
is a Gy-instanton precisely when its curvature satisfies

PAQ = —xQ. (1.4)

Notice the similarity to Equation (1.2): this suggests that G;-instantons are
in some sense natural analogues of ASD instantons in 4 dimensions.

For another useful characterization, we notice that the map obtained by
wedging 2-forms with the invariant 4-form *¢ gives an equivariant map

A2V 5 AV V.,

It is straightforward to check that this is an isomorphism between copies
of V and has kernel g, C A?V. So another way of phrasing that w is a
Go-instanton is that its curvature satisfies the condition

«p A Q) = 0. (1.5)

Remark 1.2. If a Gy-manifold M is a product R®> x X (or T® x X) where X is
a hyperKihler 4-manifold with hyperKihler triple o then, if (x', x?,x3) are local
coordinates on R3 (or T3), we have the product Gy-structure

(p:dxl/\dx2/\dx3—dx1/\c71—dxz/\(rz—dx3/\c73‘
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Thus, if w is a pullback of a connection on X to M, we see that Equation (1.4) is
equivalent to Equation (1.2), since if () is ASD on X then Q) A g; = 0 for all i.
Hence, w is a Gy-instanton if and only if it is an SU(2)-instanton.

1.3. Dimension 8: G = Spin(7). In a similar manner to the G, case just
discussed, on an 8-manifold M a Spin(7)-structure is equivalent to a 4-
form ® on M whose stabilizer in GL(8,R) at each point is Spin(7). Again,
® defines a metric ¢ and orientation, and g has holonomy contained in
Spin(7) if and only if (by [14])

d® = 0. (1.6)

Let W denote the 8-dimensional irreducible representation of Spin(7).
It is well-known that we have the orthogonal decomposition

A’W =V @ spin(7),

where V is the 7-dimensional irreducible complement of spin(7) inside
AW 2 50(8). Consider now the two equivariant maps A2ZW — ASW:

B—xB, Br—DPAB.

Elementary computations show that these coincide up to a multiple of 3
on V and up to a multiple of —1 on spin(7). Hence, a connection w is a
Spin(7)-instanton if and only if its curvature () satisfies the following:

PAQ = —xO. (1.7)
Again, notice the similarity to the ASD condition (1.2) in 4 dimensions.

Remark 1.3. If we assume that a Spin(7)-manifold M is a product R x N (or
St x N) where N is a Gy-manifold with torsion-free Gy-structure ¢, then if t is
a local coordinate on R (or S') we have the product Spin(7)-structure on M:

D =@ Adt+ *n0g.

Equations (1.4), (1.5) and (1.7) show that if w is the pullback of a connection on
N to M then w is a Spin(7)-instanton if and only if it is a Go-instanton.

Remark 1.4. A related situation that shall occur is when the group G = SU(3),
as we shall see in Corollary 3.5. Here, if the SU(3)-structure on a 6-manifold is
given by a 2-form o and 3-form <y then w is an SU(3)-instanton if and only if:

QOANy=0 and QA% =0. (1.8)

1.4. Construction via evolution. The construction of manifolds with spe-
cial holonomy, and thus of instantons, is difficult in general, and partic-
ularly so in the compact case. This is primarily due to the analytic diffi-
culties involved in solving systems of nonlinear PDE. However, a situation
where the problem becomes tractable is where an open dense subset of M
is a product I x N for an interval I C R. A well-known special case of this
is when M admits a cohomogeneity one group action.

One can identify G-structures on I x N with certain natural structures
on the hypersurfaces {t} x N, or equivalently with an I-family of struc-
tures on N. The special holonomy condition on M becomes an evolution
equation for the structures on N. Moreover, our bundle P restricts to a
principal K-bundle over I x N, which we may always assume is the pull-
back of a bundle Q — N. Consequently, any connection on P over I x N
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can be viewed as a one-parameter family of connections on Q. The next
elementary lemma will be instrumental in reformulating the G-instanton
condition in terms of an evolution equation for the connections on Q.

Lemma 1.5. Let w be a connection on a principal K-bundle over I x N. Then w
can be identified with a one-parameter family I > t — A(t) of connections on a
principal K-bundle over N. In particular, if F4 = F4(t) is the curvature of A(t)
then the curvature 2-form () of w can be expressed as

Q=dtANA +Fy. (1.9)

Proof. A principal K-bundle P — I x N defines a principal bundle Q — N
by composing the bundle projection map with the projection 7w: I x N —
N; then the pullback bundle 7t*Q is isomorphic to P.

In these terms, any connection on P can be written adt + A(t), where
we can regard A(t) as a one-parameter family of connections on Q. The
term adt, however, can be set to zero after performing a t-dependent gauge
transformation w — k~lwk + k~!dk with k being the unique solution to
the ODE 0k/dt = ak.

It follows that we can assume w = A(t), and from this the expression
Equation (1.9) immediately follows. O

Hence, when an open dense subset of M is viewed as family of hy-
persurfaces, the construction of instantons on this manifold with special
holonomy reduces to the analysis of ODEs. Whilst this is still challenging,
it could allow us to investigate key questions such as the dimension of the
moduli space of instantons (including if it is non-empty) and the potential
relationship between instantons and calibrated submanifolds.

Remark 1.6. The above approach can be applied to other special geometries. For
instance, one can construct instantons on bundles over (open subsets of) the 8-
dimensional Wolf spaces HIP(2), Gra(C*) and G, / SO(4); these are all cohomo-
geneity one spaces with respect to the natural action of SU(3) [16].

In this case, the family of hypersurfaces consists of 7-manifolds with SO(4)-
structures in the sense of [9]. By considering suitable connections on bundles over
these hypersurfaces, one obtains the type of instantons introduced in [5].

2. THE SU(2) CASE

2.1. SU(2)-structures. Following [3], a basic construction of metrics with
SU(2) holonomy begins with an oriented 3-manifold N equipped with a
one-parameter family of oriented coframes

I3t —e(t) = (e(t),é(t), (1)),

so that e!(t) Ae?(t) Ae’(t) > 0. These coframes are declared to be or-
thonormal so that we have a family of induced metrics on N given by
g(t) = e}(t)? + €2(t)? + €3(t)?. From this family of coframes, we can con-
struct a triple ¢ of 2-forms on the product M = [ x N:

oo=dthel + N, o =dine +e Nel, oy =dt A +el At (2.1)
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These forms are self-dual with respect to dt?> + ¢(t) and satisfy the first
equations in (1.1). In terms of data on N the condition do = 0 amounts to

d*tE(t) = O,

where #; is the Hodge star given by g(¢) and the orientation e!(t) A e?(t) A
e3(t), for each ¢ together with the equations:

(*se) = de. (2.2)

As the condition dxe = 0 is preserved by Equation (2.2), we can in
a sense regard Equation (2.2) as a way of evolving an initial co-closed
coframe on N. This is sometimes called an “SU(2)-flow” though it is
not in any sense a parabolic equation, and so does not satisfy the usual
analytic properties one would expect of a geometric flow (cf. [3]).

In addition to the flat metric on R* there are basically three interesting
metrics arising directly from this construction (see, for instance, [17, Pro-
position 2.7]): the Eguchi-Hanson metric, the Taub-NUT metric and the
Atiyah-Hitchin metric. These metrics are complete, have full holonomy
SU(2), and are examples of gravitational instantons.

2.2. SU(2)-instantons. If M = I x N and the bundle P is the pullback
of Q — N, then we can express the SU(2)-instanton condition using
Lemma 1.5 and Equation (1.2) as follows.

Proposition 2.1. A connection w on P over I x N is an SU(2)-instanton if and
only if the one-parameter family A(t) of connections on Q — N satisfies:

A(t) = —xF4(t). (2.3)
As Equation (2.3) is in Cauchy form, we immediately deduce:

Corollary 2.2. Given real-analytic initial data, the SU(2)-instanton evolution
equation (2.3) admits a unique solution over an open subset of I x N.

Corollary 2.3. If w is asymptotic to a connection on Q — N at an endpoint of
I, then the limiting connection is flat.

Proof. From the form of (), we see that it can approach the curvature of
a connection on N at an endpoint of I only if A’ — 0, and in that case
Equation (2.3) implies that F4 — 0. 0

2.3. Flat R%. It is easy to see that if 7 = (17!,%2,7%) is the standard left-
invariant coframe on S = SU(2) with di! = 2% A 73 etc. and 1 A 72 A
17 > 0, we have a solution e(t) = t5 to Equation (2.2) with corresponding
SU(2) triple o given by o1 = tdt Ayt + £25? Ayp® etc. If we take P =
SU(2) x R*, we can view the connections A(t) on Q = SU(2) x S3 as
triples of 1-forms on Q.

The simplest case is when A(t) = a(t)e(t) = aty, so Fa(t) = at(1+at)dy
and thus Equation (2.3) is equivalent to

(at) = ~ 2at(1 +at) (24)

which has solutions
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for k € R. For non-trivial solutions defined on all of R* we take k > 0.
Then the corresponding SU(2)-instantons have curvature

2k
O=-———(dtAnet —eB,dt Ne*> — e, dt ne® —e?).
(P kp
Taking k = 1 gives the basic instanton over R*. Notice that, indeed, the
connection is asymptotic at infinity to a flat connection over S as predicted
by Corollary 2.3.

2.4. Eguchi-Hanson. In Section 2.3 we have somewhat implicitly used the
fact that R* is the completion of R, x S3. In this case, it is evident that the
flat hyperKéhler structure and (basic) instanton are defined on the whole
of R* and P, respectively. In less elementary cases, more care needs to be
taken if we want to make sure our structures are defined everywhere.

In order to illustrate this, let us look at the Eguchi-Hanson metric as de-
rived in [8]. To this end, we consider a basis {1/} for s0(3) with dn! = %3
etc. and 7' A2 A7® > 0. We then make the ansatz dt = f~!(r)dr,
el(r) = rf~1(r)nt, (r) = f(r)y? and €3(r) = f(r)y>. Given this, Equa-
tion (2.1) is equivalent to the ODE

o( F2
2y
which (up to sign) has the solution f(r) = (k +12)!/4, where k € R. To get
the Eguchi-Hanson metric on T* S2, we should take k > 0. Taking k = 0
gives the flat metric on R*/ {41}, and k < 0 leads to an incomplete metric.

In this Eguchi-Hanson space the principal orbits are SO(3) and the sin-
gular orbit is S> = SO(3)/SO(2). To understand the behaviour of the
metric near the singular orbit, we consider the vector bundle

V = 50(3) Xso(z) V,'

here the fibres V correspond to the standard representation of SO(2). We
shall write T = (;7%,7°) for the Adgp(p)-invariant complement so0(2)* C

50(3). The SO(3)-invariant forms on V are the elements of (A*T)0(2)
together with “words” whose syllables come about by contracting “letters”
(using the inner product an volume form on R?)

[ . bl . dﬂ1+112111 {1y 172
u_<“2>' b_<52>_(dﬂ2—ﬂ1'71 © T \e) TP

where a1, a, denote fibre coordinates, and b is the covariant derivative of
a. For example, the following four 2-forms are SO(3)-invariant:

Z(b,b) = —blbz, Z(C,C) = (C10Cy,
bc = byc1 + bacy, Z(b, C) = bicy — bocy.
The map ¥: SO(3) x R — SO(3) x V given by ¥(g,r) = (g,(r,0))
induces a map SO(3) x R — V that we can use to express the 2-forms oj

of Equation (2.1) in terms of words from the “dictionary”. By noting that
Y* (/) =4/ for j = 2,3 and ¥*(b1) = dr, ¥*(by) = —ry!, we get that

o1 = f2%(b,b)+ f°X(c,c), o =2X(b,c), 03=bc.
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For k > 0, the fact that these forms extend to the zero section follows
immediately by observing that the coefficient functions are smooth even
functions of the distance from the zero section of V.

More generally, [7, Thm. 4.1] gives that any SO(3)-invariant 2-form on
V \ S? can be expressed in terms of

kibc + ko2(b,b) + ksX(b, c) + ksX(c, €)

2.5
+ksab ac + keX(a,b) ac. @5)

Such a 2-form extends smoothly to the zero section if and only if the
coefficient functions k; are smooth even functions of the radial coordin-
ate ¥ = y/aa; this follows by applying the arguments of [11, Lemma 1.1]
and by observing that the basis of Equation (2.5) is adapted to the filtration
of SO(2)-equivariant homogeneous polynomials V O §? — A2(T & V).

Let us consider SO(3)-invariant instantons on the natural circle bundle
over the Eguchi-Hanson space whose total space is SO(3) x V. Away from
the zero section we can describe our connection in terms of a potential
given by

A(r) = p(r)e.

Al=f (g’: + J;a(rgr_l) P> ¢!

and that the curvature 2-form F4, on each hypersurface, is given by F4 =
rf ~3pe?®. In particular, we have *;F4 = rf 3pel.
Altogether Equation (2.3) therefore amounts to the following ODE
0 r a(rf1
o _ LA fo(rf™) .
or ft r or
If, for concreteness, we take f(r) = (14 r2)1/4
solution

It follows that

, then this equation has the

B c
p(r) = (1 +2)17A
for ¢ € R. Computing the associated curvature 2-form we find
Q= _1+Cr2 (dmel —e23) = — f(m (F22(b,b) — f25(c,c)),
showing that our solution is asymptotically flat.
By generalising our computations slightly, we find that the above in-
stanton is unique in the following sense:

Proposition 2.4. There is a unique SO(3)-invariant SU(2)-instanton on the
natural circle bundle over the Eguchi-Hanson space whose curvature at the zero
section restricts to that of the canonical connection SO(3) — S2.

As the distance from the zero section increases, this connection approaches a
flat connection on a circle bundle over SO(3).

Remark 2.5. In light of Proposition 2.4, it is tempting to think of the instanton
evolution equations as a singular initial value problem, prescribing initial data
at the singular orbit as in [11]. This approach, however, still requires knowledge
about the explicit solution: when we express our connection (or curvature) in
terms of a basis adapted to the filtration of equivariant homogeneous polynomials,
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we still need to verify that the coefficient functions are smooth even functions of
the distance from the zero section.

2.5. Taub-NUT. So far we have only considered left-invariant coframes
on SU(2). If we instead view a coframe as a 1-form taking values in the
imaginary quaternions e = ie! + je?> + ke> and suppose that e = geq !
where € is left-invariant, then if 7 = in! + jy? + ki® is the standard left-
invariant coframe on SU(2), as in Section 2.3, we see that

g (de)qg = i(de' —2e* AP + 263 Ayp?) +j(de® — 2% At + 2! A pP)
+k(de® —2e' Ay? +2e* Aqpt).
As is well-known (see e.g. [1]), if we take € = ifin! + jfon? + kfsy® then
Equation (2.2) is equivalent to (f2f3)" = 2(fi1 — fo — f3) etc. Making the

ansatz dt = —3(r+m)f~1(r)dr, i = 2m(r +m) " f(r) and f» = f5 = f(r)
for a constant m > 0 and function f quickly yields the ODE

Af?) _
3 = 2r.

The solution (up to sign) defined for r > m is f(r) = (r* — m?2)2, which

gives the so-called Taub-NUT metric (with mass m) defined on R*. The
unit coframe for each r is given by geq~! where

1
_ 2
€ = ie' + je* + ke® = 2m (:+Z> i + (7 = m?)2 (jp? + k). (26)

We can now study instantons on say the trivial SU(2)-bundle over Taub-
NUT. The natural family of connections on S° to consider is

A(r) = gla(r)in® + b(r)jif + b(r)k?)g ™,
The curvature is then given by
g 'Faq =2i(a —2b+*)*> AP +2ja(b — )P Ayt 4+ 2ka(b — 1)yt A g2
We readily find that the instanton evolution (2.3) is equivalent to

da _ 2m(a —2b+ b?) and 2 a(r+m)(b—1)

o r2 — m? ar  2m(r—m)

There is an obvious solution with b = 1 and, for a constant ¢,
r—m
r+m

a=1+4c¢

Using the notation of Equation (2.6) we obtain the following.

Proposition 2.6. The connection on the Taub-NUT space with mass m given by

1
_ 1 (r+m)\?2 r—my .4 1 .9 3 1
w-q(zm <r—m> <1+cr+m>l€ +7(r2—m2)%(]€ + ke ))q
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for a constant c is an SU(2)-instanton. The connection blows up at the “nut”
r = m and the curvature is

%
Q= ﬁqiq_l ((:tZ) dr/\el+2€2/\e3>

2c -
= _quq 1(dt/\(—:1—62/\€3),

which shows that w is asymptotic to the flat connection on S° as r — oo.

Notice that we just get the flat connection on Taub-NUT when ¢ = 0.

Remark 2.7. We can perform the same study for the Atiyah-Hitchin metric [1],
where fi, fa, f3 are distinct, obtaining ODEs describing SU(2)-instantons. The
analysis of these ODEs is more involved, so we do not pursue this here.

3. THE G, CASE

3.1. Gp-structures. In this setting we consider an oriented 6-manifold N
equipped with a one-parameter family of SU(3)-structures

I3t (a(t),v(t));
for each t, the pair (o(t),7(t)) € Q*(N) x Q*(N) determines a reduc-
tion of the principal frame bundle to an SU(3)-subbundle. Recall that for
each t the SU(3)-structure determines 4(t) € Q3(N) such that v + i is
a nowhere vanishing (3,0)-form on N. From this family, we can build a
Go-structure on the product M = I x N by setting

=0 Adt+
DU (3.1)
¢ =FNdt+ 50"

The torsion-free condition Equation (1.3) then amounts to requiring that
each SU(3)-structure (o (t), y(t)) is half-flat, meaning

do? =0 = d, (3.2)
and that the family satisfies “Hitchin’s flow equations” [20]:

oy a2 .
5 =do, = =247, (3.3)

As the condition Equation (3.2) of being half-flat is preserved by Equa-
tion (3.3), we can regard these equations as a way of evolving an initial
half-flat SU(3)-structure on N to construct a metric with holonomy con-
tained in G,. Again, the “flow” terminology is somewhat specious given
the system’s lack of parabolicity and the results in [3].

3.2. Gp-instantons. Given a Gy-manifold M = I x N as in Equation (3.1),
we can rewrite the Gp-instanton condition on a connection w on the pull-
back of a bundle Q on N as follows:

Lemma 3.1. In terms of t-dependent data on N, the Go-instanton equation (1.4)
is equivalent to the condition

A = *t(FA /\’)’) (3 4)
U/\FA—i—*tFA:’)//\*t(FA/\’)/). '



10 JASON D. LOTAY AND THOMAS BRUUN MADSEN

The alternative condition (1.5) can be rephrased as

{A’/\(72:2FA/\'?

3.5
FA VAN 0’2 =0. ( )

Proof. Using Lemma 1.5, the left hand side of Equation (1.4) can be written:
(cNdt+y)A(dENA +Fp) =dt AN(cANFg—yNA) +Fq N7y.
The right hand side of Equation (1.4) reads
—xQ) = —x(dt N A") — x(Fn).
This tells us that
—xA'=FaNy and —x(Fa) =0 AFa—7yANA"
Clearly, these two expressions are equivalent to Equation (3.4). Similarly,
x o ANQ = (§Adt+16?) A (dt AN A"+ Fa)
=dt A\ (JA'No* —=FaANg) +Fa Ao,
from which Equation (3.5) follows. O
It is then a question of straightforward computations to obtain:

Proposition 3.2. The evolution equations for Gy-instantons may be phrased as:

A" =x;(Fa N 7)
{FA(to) A% (ty) =0, (3.6)

for some initial to € I.

Proof. Let W be the 6-dimensional irreducible representation of SU(3).
Elementary computations show that the equivariant maps A2W — ASW
given by
B Ax(BAY) and B+ 2BA%

coincide. It therefore follows that the evolution of A is completely determ-
ined by the equation for A’ in Equation (3.4).

Next, we show that if a 2-form B has B A ¢? = 0 then it automatically
satisfies the constraint of Equation (3.4), that is,

TAB+*B=9A*(BAY).
This is because the two equivariant maps A2W — A*W given by
B oAB+xp and B yAx(BAY)

agree on the two irreducible submodules orthogonal to {¢) in AZW.
In order to prove the proposition, we need to show that the 6-form
FisANo?is preserved as A evolves. This assertion follows by

(FANd?) =Fy ANd®+Fa A (c?)
= (dA" +[A, A']) No? 4+ Fa A (—2d%)
=2dFs Ny +2FA Nd§ +2[A, FaA) Ny —2F4 NdF
= 2(dFp + [A,Fa]) A4 =2DFA A4 =0,
where the last equality follows from the Bianchi identity. O
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Remark 3.3. The condition F4(to) A 0?(tg) = 0 in Proposition 3.2 is not very
restrictive: it simply means that the 2-form part of Fa(to) is not allowed to have
a component (pointwise) proportional to o (to).

Note that the evolution equation for A is in Cauchy form, which means
that we immediately have:

Corollary 3.4. Given real analytical initial data A on N satisfying the condition
F4 A 0% = 0, the Gy-instanton evolution equations (3.6) have a unique solution
over an open set in I x N.

From the form of Equation (3.6), we have the following:

Corollary 3.5. If a Gy-instanton w is asymptotic to a connection on Q — N at
an endpoint of 1, then the limiting connection is an SU(3)-instanton.

Proof. As we must have A’ — 0, we have
FaAhy—=0 and FiA0*=0,

which means that A tends to a connection whose curvature has values in
su(3) C s0(6) = A2, which is an SU(3)-instanton as in Equation (1.8). [

3.3. Flat R”. To construct the flat metric on R”, which corresponds to a
trivial torsion-free G,-structure, we need a half-flat SU(3)-structure (o, y)
on S°: this is provided by the standard nearly Kahler structure on S® which
satisfies

do =3y and dj= —20°
The evolution equations (3.3) starting at a nearly Kahler structure always
lead to the solution:

¢ =HtoAdt+y and *¢=FAdt+ 1tH0?
for t > 0, yielding the cone metric over the nearly Kidhler manifold. Using
this description of R” together with an appropriate ansatz for A, one can
use the evolution equation (3.6) to give a higher dimensional generalisa-
tion of the basic instanton on IR%. Indeed, we can reconstruct the instanton
on the trivial bundle G, xIR” described in [19, 22].

There are other ways to think of R” as a family of hypersurfaces. For
example, we could think of R’ = R® x R* and take hypersurfaces R3 x S3.
If (xl, X2, x3) € R3® and 171, 172, 173 is our standard left-invariant coframe on
S3, our ansatz for the evolving SU(3)-structures on IR® x S® would be

o= f()(dxt AgtFdx® An? 4 dxd Ay,

v =dx'® — f()2(dx' AP AP +dx® A Ant4dxd At AgR).
The evolution equations (3.3) quickly yield a solution f(t) = t for ¢ =
o A dt + 1y to be torsion-free. We see that this is equivalent to allowing the
coframe on S° to evolve as e(t) = t7 just as in the flat R* case, as expected.
If we take evolving connections A(t) = a(t)t on IR® x S3, the Gy-instanton
evolution equations give Equation (2.4) so that w is the pullback of the
basic instanton on IR*, which is clear in light of Remark 1.2.

Alternatively, we could view R’ in terms of hypersurfaces S2 x R* C
R3 x R*, and perform the same analysis to get the flat metric by evolving
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the volume form on S? by the obvious scaling. In this case, the pullback
of an evolving connection on S? to S? x R* will define a Gy-instanton if
and only if the corresponding connection on RR? is flat. This situation is
equivalent to considering R” = A% R* and having the sphere subbundles
as hypersurfaces. We shall see a related construction in the next section
which yields non-trivial results.

3.4. Self-dual 2-forms over S*. Following [4, 7], we first describe a space
that in a sense is related to that of Eguchi-Hanson, described in Section 2.1.
In this case, we are considering a manifold with a cohomogeneity one
action of SO(5). The principal stabiliser is U(2) C SO(4), and the singular
stabiliser is the whole subgroup SO(4).

We shall need a suitable local coframe on CIP(3) = SO(5)/ U(2). Let
us write s0(5) = (0!, 0%, 0%, 0%) @ (y1, 7%, 4%) & (y!, 7%, 7°) in terms of the
explicit identification:

0 =3t + oY) =3P+ =P +R) o
T S I (N
?(173—’_73) 21(17 2_,)/2 1 10 1 _2(17 _,)/) _04 . (37)
200 +0) =3 =) 50— ) 0 v

vl v? 3 v? 0

Choosing u(2) = (%, 91,9?,7°), we have d acting as:
' = — P — (012 1 o),
a2 = — P! — (01 4 o®2),dp® = — 512 — (oM 1 o),
A(0'2 +0%) = — (oM 1 0P + (01 + 023,
A0 +0%2) = (oM 1 0Pyl — (012 + PP,
A0+ 02) = — (01 + 02)y! + (012 + )y,
We now look for an ansatz with dt = f~1(r)dr, e'(r) = rf 12, &*(r) =
rf~ 13 and &(r) = fo!, e*(r) = —f0?, e2(r) = fo*, e(r) = fov? so that
o(r) = (rf 1)2B — P02 + 0%,
v(r) = rf (@ +0%)* = (07 + 02)p),
F(r) = rf((0F +02)5* + (0" + 02)1p).
In this case, Equation (3.3) reduces to the following ODE

of _ 3
or rf

which has the solution f(r) = 21/4(k + 12)1/4, for some constant k € R. To
get the Bryant-Salamon metric on A% $* we must take k > 0.

As for the Eguchi-Hanson case, we next consider a tubular neighbour-
hood of the singular orbit. This is modelled on the vector bundle

V= 80(5) Xso(4) 1%
with fibres V 2 (0!2 + 034,013 4 #2014 + 02%) = A2 (T), T 2 50(5)/ s0(4).
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In this case, we can form the words

a day + asn?® — axn® 012 + 3
a=|a|, b= |dp—an'+an®|, c=|ov¥+0%?].
as das + a2171 — a1172 o 40?3

The map ¥: SO(5) x R — SO(5) x V, given by ¥(g,7) = (g, (7,0,0)),
induces a map CIP(3) x R — V that we can use to express the 3-form ¢
and 4-form *¢ in terms of words from the dictionary. For this, we note
that ¥*(by) = dr, ¥*(bp) = r°, ¥*(b3) = —ry?. It then follows that, up to
suitable rescaling of invariant forms (similar to the Eguchi-Hanson case,
these are obtained via contractions coming from the inner product and
volume form on R3), we have

¢ = f3bbb + fbc and *¢ = bee + flec.

As before, smoothness of ¢ and *¢ follows from the fact that the coefficient
functions are smooth even functions of the distance from the zero section.

More generally, we may ask when an SO(5)-invariant 3- or 4-form on
V \ §* extends smoothly to the zero section. By [7, Thm. 4.6] the invariant
3- and 4-forms can be expressed as

pibc + p2bbb + p3abc + pyab ac

and

gicc + g2bbe + g3ab be + q4ab abc,
respectively. Smoothness then amounts to the functions p; and g; be-
ing smooth even functions of r; again we are using that the above basis
elements are adapted to the filtration of SO(4)-equivariant homogeneous
polynomials V O S> — AP(T® V), p = 3,4.

Remark 3.6. In addition to the above, [4] provides a similar construction of a
complete Gy-holonomy metric on A2 CIP(2); whilst for S* the construction works
with both bundles A2.S*, this is not the case for CIP(2) in the sense that one needs

to take CIP(2) to use AZ.

Let us consider the SO(3)_-bundle over S*, SO(5)/SO(3)+ — S%; the
following Go-instanton on this space was also considered in [24]. If we
regard the canonical connection of this bundle as an s0(3)_-valued 1 form
on SO(S) XSO(3)+ V, given by

0 -yt =
A =21 0 2,
¥ =7 0
it is SO(4)-invariant and has A’(t) = 0. Then, using dy! = ¢» — (012 —

v34) etc., we find that
0 D12 _ 3 13 _ 42
Fa(t) = | —0'2 403 0 —ol4 4 o3
_ol3 p g2 14 23 0

Since F4 Ay = 0, we see that A(t) is a static solution the instanton evol-
ution equations (indeed, it is the “lift” of an SU(3)-instanton on CIP(3)).
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In terms of an r-dependent frame, we can write the associated curvature

2-form as:
0 oM 56 36 4 o5
Q(r) = f—z <e34 _ 56 0 _ o35 +e46) ;

_ 46 0

in particular, we have [|Q(r)||g(,) — 0 as r — co.

We should mention that [24] includes another (non static) example of
a Gp-instanton on an SU(2)-bundle over A2+ S%: of course this can also be
reproduced using our instanton evolution Equation (3.6).

3.5. The spinor bundle over S3. We want to construct Gy-metrics on co-
homogeneity one spaces with principal orbits S* x §% 2 Sp(1)4 x Sp(1)_
and singular orbit S3, corresponding to stabiliser Sp(1) with Lie algebra
given by the diagonal sp(1) C sp(1)+ @ sp(1)—, where

sp(1) = (i} + 0L 0% + 0203 + 1),
sp(1)" = (i} —ntmnt —n? 3 =)
and dn} =2y 272 A3 ete.

The first known complete Gy-metric arising in this context was construc-
ted by Bryant and Salamon in [4]. To obtain their example, we must take

dt = —\/2gdr, ¥ = f(5), — ' )/v2 and ¥ = rg(y). + 1)/ V2, for
j=1,2,3. The corresponding SU(3)-structure is then given by

23 _
T =

o= rfg (nhnt + i +nind),
_ f(f*=3r"8%) ( 12 123
Y= 2\/5 (17+ /- )
2—|—T2 2
- f(f4ﬁ i (nln +rdn2 + i),

 re(3f2 — 202 re(F2 + r2¢2
5= 8B — ) fzﬁ &) (72 + 5 —g(fz\/i g )(Uiﬂiﬂiwivinz—
2.3 1 2.3 1 3.1 2>.

RO E SR o R R o KR R R
From the above, we see that Equation (3.3) is equivalent to the ODEs

ﬂ_ 2 r—1 aﬁ__ 3,2
ar_zrgf Tooor & f

with corresponding solution:
flr) =338 + k)3, g(r) = k137 V0 (kir? + k) /%

Completeness requires that k > 0. For concreteness we shall take k; =
1 =kp so that f = ¢~2.

In order to understand the geometry near the singular orbit, we consider
the vector bundle

V = (Sp(1)4 x Sp(1)-) Xsp(r) V.,
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where the fibres V' = H correspond to the standard representation of
Sp(1) and T = PR = (4, — ).

As usual, we have the fibre coordinate letter a and its covariant de-
rivative, the letter b. Now, choose the map ¥: Sp(1); x Sp(1)- xR —
Sp(1);+ xSp(1)— x V given by ¥(g,7) = (g,(r,0,0,0)). From this, we find
that ¥*(by) = dr, ¥*(b2) = r(n} +n1)/V2,¥*(bs) = (53 +4>)/v2 and
Y (by) =r(n} +12)/V2.

To describe the Bryant-Salamon 3-form in these terms, we need the two
elements spanning A3(T @ V)1 = A¥(T) @ (T @ A2V)) = (v) @
(£1). Similarly, for the 4-form, we need the two non-trivial elements of
AN T @ V)M = (AX(T) @ A2(V))PD @ AY(V) = (X,) @ (bbbb). Using
these forms, defined up to scaling, we can write:

¢=1+aa)v+1,
%@ = (14 aa)~3bbbb + (14 aa)'/3%,.

The coefficient functions are smooth even functions of the distance from
the zero section, again implying that these forms extend smoothly to the
zero section of V.

In the above model, the principal stabiliser is trivial. As a consequence,
the space of invariant p-forms is relatively large, so we shall not write
down the general expressions for invariant 3- and 4-forms that extend
smoothly to the zero section. It is worthwhile mentioning, however, that
the high degree of flexibility leads to (at least) one other complete G,-
holonomy metric [2]; this metric has a different behaviour far away from
the zero section: it is similar to the Taub-NUT metric in the sense that it is
asymptotically locally conical.

We now address the construction of instantons on an Sp(1)-bundle
over the Bryant-Salamon Gy-structure on the spinor bundle over S°. In-
stantons on this space were also the subject of [6]. The construction is
reminiscent of that of the Eguchi-Hanson space in Section 2.4. Motiv-
ated by the expression for the canonical connection on the natural Sp(1)-
bundle Sp(1); x Sp(1)- — S3 over the singular orbit, we consider the
one-parameter family of connections specified by the potential

A(t) = p(t) <iez(t) +jet(t) + keé(t)) ,

corresponding to a connection on the bundle Sp(1); x Sp(1)- x V — V.
Straightforward computations give that

Alt) = _\ég (?f: + prlgla(arrg)) (ie2 + je* + ke6) ,
Fa=iV2p (rg5835 +(V2p+ r‘lg‘l)e%)
+iV2p (rg5e51 +(V2p+ r—lg—l)e62>
+kV2p (rg5el3 + (V2p + r’lg’l)ez‘*) ,
+

w1 (Fa A7) = =vV2p (Vap+171g7 = 1g) (ie® + jet + ket )
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The instanton evolution equation is then the following non-linear ODE
of Bernoulli type:

ap _ 2 -1 6 -1 -19(r8)
g—Z\fng —|—<Zr 2rg° —r g 5, )P
We find the following non-zero solution
2r
p(r) = 2\1/6 _ 25/6 215/6"
2c(1 4 r2)1/6 — 35/61/2(1 + 12)5/
which is a smooth function of r > 0, so long as we choose our constant

c < 356/\/2. Clearly lim, o A(r) = 0.
For the curvature, we find that

Q(r) =2p (\fng +r - rg6> <idr A e+ jdr A e* + kdr A 66) + Fu(r)

which vanishes at the zero section and satisfies ||Q()||g() — 0 as 7 — .
Slightly more generally, as in [6], we could consider the potential

A() = p(t) (i (1) + je (1) + ke (1) ) +q(t) (ie(8) + je* (1) + ke (1))

As in op. cit.,, we find that solutions that extend smoothly to the zero
section necessarily have g = 0.

Computations for the Brandhuber et. al. Gy-metric on V = S3 x H [2]
show that there is a globally defined instanton on a circle bundle over this
space.

4. THE Spin(7) CASE

4.1. Spin(7)-structures. From a family of Gy-structures I 5— ¢(t) on a
7-manifold N, we can construct a Spin(7)-structure on the product M =
I x N via

D = p ANdt+ *x¢. 4.1)

In terms of Equation (4.1), the condition (1.6) for the induced metric to
have holonomy contained in Spin(7) amounts to requiring that d *; ¢(t) =
0 for each t (i.e. that ¢(t) is co-calibrated) and that the family satisfies the
evolution equations [20]:

Ix¢) _
FTi dg. (4.2)
This preserves closedness of x¢ and therefore gives us a way of evolving
an initial co-calibrated G;-structure on N to give our torsion-free Spin(7)-
structure. This is again sometimes referred to as “Hitchin’s flow equation”.

4.2. Spin(7)-instantons. Given a Spin(7)-manifold M = I x N of the form
(4.1), we can rephrase the instanton condition for a connection w on the
pullback of a bundle Q on N as follows:

Proposition 4.1. In terms of t-dependent data on N, the Spin(7)-instanton
condition (1.7) is given by:

A" = x(Fp N %49). (4.3)
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Proof. By Equation (1.7), we have to compute ® A (2 = —x() in terms of
the t-dependent data. We get two equations:

A" = x(Fg A*r¢) and *;9 AN A" = *Fs + ¢ A Fy.

If V denotes the irreducible 7-dimensional representation of G, then the
following two equivariant maps A2V — A°V coincide:

B *xp A*x(BAx¢@) and B— xf+BA¢.
The assertion now follows. O

As Equation (4.3) is in Cauchy form, we have:

Corollary 4.2. Given real analytic initial data, Equation (4.3) has a unique solu-
tion over an open subset of I x N.

From the form of Equation (4.3), we see from Equation (1.5) that:

Corollary 4.3. If w is asymptotic to a connection on Q — N at an endpoint of
I, then the limiting connection is a Gy-instanton.

4.3. Flat R8. To obtain the standard Spin(7)-structure on R® defining the
flat metric, we will evolve the standard Gy-structure on S” which satisfies
dp = —4x* ¢ (a so-called “nearly parallel G,-structure”). Equation (4.2)
quickly yields that the evolving Gy-structures are ¢(t) = 3¢ so that the
Spin(7)-structure is
O=oNdt+txg

for t > 0. This is a conical solution which always occurs when the initial 7-
dimensional hypersurface is endowed with a nearly parallel G,-structure.
Based on this description of R® and a suitable ansatz for A, we can use
Equation (4.3) so as to obtain the “basic” Spin(7)-instanton on the trivial
bundle Spin(7) x R® that appeared in [12, 15, 22].

We could also view R® = R* x R* and take as hypersurfaces S® x R*. If
we let 1, 72, 1% be the coframe on S® with di! = —27? etc. and let 7y, T, T3
be the standard hyperKahler triple on R*, we may take the ansatz

o) = fFO’ ' AP AP+ fF) (A + AP+ T AR)

for our Gy-structures on S® x R*. Equation (4.2) yields f(t) = —t as a
solution, which is equivalent to choosing the evolving coframe e(t) = —ty
on S? as expected. Hence, if we write o7 = tdt A ' — t27% A ° etc., so that
(01,09,03) is the standard hyperKéhler triple on R%, then

(D:%(‘712‘1“7224“7?%)+(71/\T1+(72/\T2+(73/\T3—%(T12—|—722+T§)

is the solution, which is a re-writing of the standard Spin(7)-form. If
we choose our evolving connections A(t) = —a(t)t(in® + jy* + kn®) on
S® x R%, the Spin(7)-instanton evolution equation (4.3) will yield the pull-
back of the basic (SD) instanton on R*%, as expected from Remarks 1.2
and 1.3. This situation is equivalent to considering R® as the (negative)
spinor bundle of R* and taking the sphere subbundles as hypersurfaces.
We will see a closely related construction in Section 4.4 which yields non-
trivial results.
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4.4. The spinor bundle over S*. Let us consider the 7-sphere, eventually
leading to the Bryant-Salamon metric on the negative spinor bundle over
S* [4]. Similarly to Equation (3.7) we write S” = Sp(2)/ Sp(1)+ using the
explicit identification

0 9! =92 =93 —ol —2 —® ¢t
P ) NS - R B e
PP 0 Bt ol —?
P2 gl 0 ot P 2 ol
ol =2 —® vt 0 —yl =2 = |~
? ol —ot gl 0 - P
R ) Qe R S | S
T s N R S B

where sp(1)+ = (7%,%?,1%). The associated structure equations imply that
Ayt =2(—92 102 — ™), dy? = 2(—% 4ol — o®2),
A = 2(—'2 4 oM — 0B,
A0 — 0¥) = 292 (0™ — v) + 293 (013 — 0*2),
A0 — 02) = 291 (01 — 02) — 293 (012 — o),
A0 — 0) = —291(01® — 5%2) 4 292 (012 — 03),
and then
Ay = 298 (012 _ o3) 12931 (013 4 02) 4 291201 — ),
A7 (02 — 03) 1+ 201 4 02 + P — 0P)) = —12012
1292 (012 — %) 1212 (pM — 0B 12931 (13 _ ),
We now look for an ansatz with dt = f1/2dr, e/ = rf/2+J, j = 1,2,3,

and e* = ¢1/20!, &® = ¢1/20?, e® = g1/2e3, ¢’ = ¢'/?v* s0 that the associated

Gy-structure reads
o= r3f3/27123 + rfl/Zg (71(012 . 034) + 72(013 B 042) + 73(014 B 023)> )
xp = g201234 B rzfg (723(012 B 034) + 731(013 B 042) + 712(014 B 023)) .

Using the above computations, we can verify that ¢ is co-calibrated, i.e. dx¢ =
0. The evolution equations (4.2) are

J9g _ aof _ 2 1
or =orf, or arfig,
which then have the solution

22 — kikp\ ° 212 — kyky \°
0= @ () s = @ ()

For concreteness, let us fix k1 = 1 and k, = —2, giving

Fr) = 525 (1472) 25, g(r) = 595 (142,

Note that for this choice of integration constants, we have f(r)® = g(r) 2,
and this will lead to a complete holonomy Spin(7)-metric.
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Turning to the geometry near the singular orbit, we need to study the

vector bundle

V = 5p(2) Xgp1), xsp1)_ V.
where the fibres V = R* = H are the standard representation of Sp(1)_
(again acting on the right); in our conventions sp(1)_ = (7!,42,73). Obvi-
ously, the volume on T = (vl, V2,08, v4> gives us an invariant 4-form v on
V, and relevant letters of our dictionary are the fibre coordinates a and its
covariant derivative b.

Using contraction via the volume form on R*, we get the invariant 4-
form bbbb. In addition, note that we have amap 2;: V@V — Y2 and
a similar map X1: T® T — 2. This means there is an invariant 4-form
¥1(b,b)Z (v, v) corresponding to the contraction X2 ® X2 — R.

As in the previous cases, we use amap ¥: Sp(2) x R — Sp(2) x V, now
given by ¥(g,7) = (g,(r,0,0,0)), so as to get ¥*(by) = dr, ¥*(by) = ry!,
Y*(by) = ry® and ¥*(b3) = r92. In invariant terms, we can then express
the 4-form ® by

® = (1+ aa) */° bbbb
+(1+ aa) /5%, (b,b)%1(v,0) + (1 + aa)** o,

where, as usual, we have chosen suitable rescalings of the invariant forms.
As the coefficient functions are smooth even functions of the distance from
the zero section, this form extends to smoothly to the zero section, by the
usual arguments.

Let us now turn to the construction of instantons on Sp(1)-bundles over
V. Examples of such instantons were also discussed in [6, 23]. On the
bundle Sp(2) Xgp1), V — V, we can consider a connection correspond-
ing to the following one-parameter family of potentials (defined along the
principal orbits):

A(t) = p(t) (ie1 + je* + ke3) .
We then have

A/(t) _ <f1/2?)i)+r.r;a(r£;/2>) (iel —|—j€2+k€3>,

F4 =2ip ((p _ r—lf—1/2)623 Frf2(e® - 667))
+2jp ((p . r71f71/2)631 + rf2(846 _ e75)>
+ 2kp ((p o rflffl/z)elz + er(e47 o 656)) .
Straightforward computations show that
)t (Fa N\ %) = 2p (p — 2 2rf2> (ie + je* + ke).

So the instanton evolution equation reads:

dp 1/2,.2 -1 5/2 1 a(’fl/z)
g—Zf p—p|2r " —4rf +7’f1/2T

which is a Bernoulli equation.
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It is possible to solve explicitly for p; the solution can be expressed
in terms of the generalised hypergeometric function x — F(1,1;§;x).
Explicitly, we have that p(r) is given by

15 (1+12)°°

3r (12 (5c (14 12)%/ 4 54/5) 4 54/5) +254/5r (1412) oFy (1,1; & —r2)

For suitably chosen ¢ € R, the limiting behaviour of this solution is,
in a sense, very similar to that of our SO(3)-invariant instanton on the
Eguchi-Hanson space. In particular, we find that

lim A(r) = ivy! + jo2 + k%,
r—0

corresponding to the canonical connection of the Sp(1)-bundle Sp(2)/
Sp(1); — S*. Far away from the zero section, we find that ||Q(r)| g(r) = 0
asr — oo.

There also an instanton on the bundle Sp(2) xgp1). H — V. To see this,
consider the connection form

0 _;,ll _;72
Aty=[n" 0 -],
n” o0

which has A’(t) = 0. Straightforward computations show that F4 A ¢ =
0, giving that A solves the instanton evolution equations statically.

To find other explicit examples of Spin(7)-instantons, one could con-
sider other known complete Spin(7)-metrics, obtainable via Equation (4.2).
Some of these arise in the context of cohomogeneity one SU(3)-actions
(see, for instance, [18, 25]). Other examples, including an analogue of the
Taub-NUT metric, were studied in [10]. As the associated metrics have a
more complicated asymptotic behaviour (asymptotically locally conical),
we do not expect to get instantons from an ansatz as above. Instead, one
should use an approach similar to the one mentioned for the Brandhuber
et. al. holonomy Gy-metric [2] in Section 3.5.
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